I. INTRODUCTION
The response time of a liquid crystal ͑LC͒ plays a crucial role for LC devices. The conventional understanding is that LC response ͑decay͒ time 0 is proportional to d 2 , where d is the cell gap.
1 Here, the underlining assumption is that the anchoring energy on LC-substrate surfaces is strong ͑W → ϱ͒. However, some LC devices have relatively weak anchoring energy, such as LC cells with multidomain vertical alignment ͑MVA͒ or with photoalignment. As a result, the 0 ϳ d 2 dependence no longer holds. Therefore, it is essential to study the anchoring energy and cell gap effects on the LC response time.
In this paper, we use two different approaches: effective cell gap and surface dynamic equation methods, to derive general analytical expressions of LC response time under finite anchoring energy conditions. The results of these two different approaches are consistent. We find that the exponent x in 0 ϳ d x depends on the anchoring energy W of the LC cell. Under strong and weak anchoring limits, the exponent x approaches 2 and 1, respectively.
In this paper, the derived analytical expressions correlate LC response time 0 with anchoring energy W, then W can be estimated from LC decay time. Up to date, a few experimental methods have been developed for characterizing the anchoring energy of LC cells. [2] [3] [4] [5] Most of them are based on the anchoring energy effect on LC cell's phase retardation in the high voltage region or its effect on the Freekdericksz transition. The method proposed in this paper provides another approach to study LC alignment techniques.
II. THEORY

A. Effective cell gap method
In this study, we choose a vertically aligned ͑VA͒ LC cell as an example for analysis because it exhibits an unprecedented contrast ratio ͑Ͼ2000: 1͒ and more than 50% of liquid crystal display televisions ͑LCD TVs͒ use VA mode. These results and discussions are also valid to other LC modes. Figure 1 shows a VA nematic LC cell sandwiched between two parallel substrates and z =−d / 2 and d / 2 represent the bottom and top substrates, respectively. The z axis is normal to the plane of the substrates and the electrical field E is along the z axis.
Under such a device configuration, the LC dynamics can be described by the Erickson-Leslie equation. When the backflow and inertial effects are ignored, 6 ,7 the EricksonLeslie equation has the following simplified expression:
where ␥ 1 is the rotational viscosity, K 11 and K 33 represent the splay and bend elastic constants, respectively, 0 ⌬E 2 is the electric field energy density, ⌬ is the LC dielectric anisotropy, and is the tilt angle defined as the angle between the z axis and LC directors. In general, Eq. ͑1͒ can only be solved numerically. However, when the tilt angle is small ͑sin ϳ ͒ ͑small angle approximation 8 Under strong anchoring ͑W → ϱ͒ condition, the LC directors on the substrates are fixed on their easy axis. Here, easy axis stands for the directions of LC directors which minimize the energy of the surface regions. 9 In some high contrast display devices, the pretilt angle is zero. Under such condition, the following boundary conditions hold:
Under the above boundary conditions, when the applied voltage exceeds the Freederisckz transition threshold the LC directors are reoriented by the electric field. At a given voltage, the tilt angle can be expressed as follows:
In Eq. ͑4͒, m is the maximum tilt angle which occurs in the center of the LC cell ͑ ͉͉ z=0 = m ͒, and s is found to be zero when the pretilt angle is symmetric on the top and bottom substrates. Under these conditions, analytical solutions for rise time ͑ r ͒ and decay time ͑ d ͒ exist:
In Eq. ͑6͒, the threshold voltage V th is related to the bend elastic constant and dielectric anisotropy as
However, when the anchoring energy of the LC cell is not strong, the simple boundary conditions described in Eq. ͑3͒ no longer hold, and the validity of Eqs. ͑5͒ and ͑6͒ is in doubt. When the anchoring energy W is finite, we use the extrapolation length concept 9 to derive the analytical solutions for the LC response time.
As shown in Fig. 2 , the parameter b = K / W has the dimension of length, which is usually called the extrapolation length and W is the polar anchoring energy strength coefficient, also called as the anchoring energy. For a VA cell, the azimuthal anchoring is not involved and K = K 33 , the bend elastic constant.
The extrapolation length b can be interpreted as the extension of the LC cell gap. 10 For example, an infinity anchoring ͑W → ϱ͒ means no extension since b = 0. On the other hand, weak anchoring implies to a large b, i.e., a large extension of the LC cell gap. For a LC cell with a finite anchoring energy, the LC directors on the physical substrate boundaries ͑z = ±d /2͒ will still be reoriented by the external electric fields. According to the definition of the extrapolation length, is zero at z = ±͑d /2+b͒. Therefore, z = ±͑d /2 + b͒ can be considered as virtual boundaries of the LC cell and the effective cell gap becomes
Here we consider the top and bottom substrates having the same alignment conditions. If the two substrates' alignments are different, then the effective cell gap is dЈ Similar correlations hold for rise time r Ј as well, i.e., by replacing d with dЈ in Eq. ͑6͒. Please note that threshold voltage V th is also dependent on the anchoring energy. 5 Thus, Eq. ͑7͒ needs to be modified when W has a finite value. As a result, Eq. ͑6͒ would have a much more complicated expression. 
B. Surface dynamic equation method
Another approach to study the anchoring energy effect is to use the surface dynamic equation method. 11 If the anchoring energy is finite, the simple boundary condition described in Eq. ͑3͒ is no longer valid. Instead, the surface dynamic equation can be used to represent LC directors' reorientation on the LC-substrate boundaries,
where, f s = 1 2 W sin 2 stands for the anchoring energy density on the boundaries, and ␥ s is the surface rotational viscosity, and "ϩ" and "Ϫ" signs are taken at z = d / 2 and z =−d /2, respectively. Analytical expressions can be derived following the approach reported in Ref. 11 . Because the characteristic time of the surface LC director reorientation is much longer than that of the corresponding LC directors in the bulk, the surface term ␥ s ‫ץ‬ / ‫ץ‬t in Eq. ͑12͒ can be ignored. Under small angle approximation, Eq. ͑12͒ is simplified to
By solving Eqs. ͑4͒ and ͑13͒, we derive the following decay time and rise time:
where ␤ satisfies the following equation: 
Equation ͑18͒ also leads to 0 Јϳ d for the case of the weak anchoring energy, which is consistent with the result ͓Eq. ͑11͔͒ we derived using the effective cell gap method. The only difference is their coefficients. In Eq. ͑11͒, the coefficient is ͑2/͒ 2 which is ϳ0.41, while in Eq. ͑18͒ the coefficient is 0.5. This 20% difference arises from the approximations during the derivation processes of Eqs. ͑11͒ and ͑18͒.
C. Results and discussion
For a LC device, the total response time is usually referred to the sum of rise and decay times. The rise time is strongly dependent on the applied voltage, as shown in Eq. ͑6͒. When the applied voltage is only slightly above V th , the rise time is slow. To overcome the slow rise time, an overdrive voltage technique 12 has been commonly practiced in LCD industry. Therefore, in this paper we focus our discussion on the LC decay process. Figure 3 shows the simulated cell gap dependent LC decay time under various anchoring strengths. The LC mixture used for calculations is Merck MLC-6608 whose physical properties ͑at 20°C͒ are listed as follows: K 11 = 16.7 pN, K 33 = 18.1 pN, ʈ = 3.6, Ќ = 7.8, ␥ 1 = 0.186 Pa, n 0 = 1.475, and n e = 1.558. Five cell gaps were studied: d =3, 4, 5, 6, and 7 m. As the cell gap increases, the first transmission maximum occurs at a lower voltage, but the threshold voltage remains the same. In each cell, the assumption of the small angle approximation is still valid.
During simulations, we calculate the LC director decay time from the first transmission maximum to V = 0. We then use the extrapolation length method ͑solid lines͒ and surface dynamic equation method ͑dashed lines͒ to fit the simulated data using 0 ϳ d x . Table I lists the obtained x values from the solid lines fittings. From Table I , we find that x Ϸ 2 is valid only when the anchoring is strong ͑W ϳ 1 ϫ 10 −3 J/m 2 ͒. As the anchoring energy gets weaker, the exponent gets closer to 1. These results confirm that the conventional understanding of 0 ϳ d 2 is only valid when W → ϱ, and the quadratic dependence is no longer accurate if the LC cells have a finite anchoring energy. In Fig. 3 , the effective cell gap and surface dynamic equation methods lead to consistent results when the anchoring energy is larger than 1 ϫ 10 −4 J/m 2 . However, an appreciable amount of discrepancy ͑ϳ30% ͒ is observed when the anchoring energy is low ͑W =1ϫ 10 −5 J/m 2 ͒. We will discuss its causes later. The surface dynamic equation method is relatively complicated, since a simple analytical solution of Eq. ͑16͒ is not available. Therefore, we have to solve Eq. ͑16͒ numerically. This is especially difficult when ␤d ϳ /2 in Eq. ͑16͒. If the alignment conditions are different on the bottom and top substrates, then the surface dynamic equation method would be even more complicated. Since these two methods show similar results in the major cases shown in Fig. 3 , the effective cell gap method is easier and more practical.
To further analyze the accuracy of the effective cell gap method, two different extrapolation length conditions are plotted in Fig. 4 . In Fig. 4͑a͒, d ӷ b and the extrapolation length method is pretty accurate. But when the cell gap is relatively small and the anchoring energy is weak as Fig.  4͑b͒ shows, the extrapolation length method would be less accurate. In Fig. 3 , if we compare the two curves for W =1 ϫ 10 −5 J/m 2 , the difference between the solid and dashed lines is attributed by this approximation. When W =1 ϫ 10 −5 J/m 2 , the b ͑=K / W͒ value is as large as 1.81 m. Thus, the linear extrapolation of the LC cell gap would not be accurate for thin cells. For instance, if d =3 m the difference between these two methods is 28.7%, but for a 7 m LC cell, the difference is reduced to 7.4%.
III. EXPERIMENT
Based on Eq. ͑8͒, we can estimate anchoring energy W by measuring the LC decay time. Since LC decay time is related to the LC material's properties ͑␥ 1 and K͒, cell gap d, and anchoring energy W, we can calculate W by measuring 0 , provided that ␥ 1 , K, and d are known. From Fig. 3 , we find that the LC decay time is especially sensitive to the anchoring energy when the anchoring energy is in the intermediate to weak range. Therefore, this method is applicable to LC cells with a relatively weak anchoring energy.
Two types of VA cells have been used for display applications: strong rubbing and rubbing-free. 1 The rubbed or sputtered cells tend to have strong anchoring energy and the rubbing-free cells tend to have a weak anchoring energy. In the former case, such as liquid crystal on silicon for projection displays, a uniform pretilt angle ͑ϳ2°-3°͒ is generated by sputtered inorganic SiO 2 layers. 13 In the wide-view LCD TVs, patterned vertical alignment 14 ͑PVA͒ and MVA 15 cells are the two common choices. In these cells, both top and bottom substrates are coated with a thin polyimide layer but without rubbing. In a PVA cell, there is no pretilt angle; the LC directors' reorientation direction is controlled by the fringing fields. In a MVA cell, a small pretilt angle exists only near the protrusions.
In our experiment, we used MVA cells with various cell gaps. The cell gap was measured by counting the FabryPerot interference fringes from a spectrophotometer. The cells were filled with a commercial LC mixture MLC-6608. We first measured the voltage-dependent transmittance between crossed polarizers and then measured the optical decay time. All the measurements were performed using a He-Ne laser beam. Its wavelength is = 633 nm. Figure 5 shows the measured LC optical decay time ͑90%-10%͒ 16 of several MVA cells. The experimental data ͑dots͒ were collected at 38.5°C, which is the LCD TV's operating temperature after being fully warmed up. We then fit the data using three models: The solid line stands for the effective cell gap model ͓Eq. ͑9͔͒ with W = 5. 4dK / W, and 4K 2 / W 2 terms in Eq. ͑9͒ contribute 70.3%, 26.1%, and 2.6% to 0 Ј, respectively. This confirms that in Eq. ͑10͒ the 4dK / W term needs to be considered, but the 4K 2 / W 2 term is negligible. It is known that the LC material and cell gap significantly influence LC device's response time, but the anchoring effect is not well studied quantitatively previously. From Eqs. ͑11͒ and ͑18͒, the anchoring energy plays an important role to affect the LC response time. Within the weak anchoring regime, the LC decay time is inversely proportional to the anchoring energy. For instance, if we can find a polyimide that has a somewhat larger anchoring with the LC material, then the decay time can be improved.
IV. CONCLUSION
We derived the analytical expressions for understanding the anchoring energy effect on the LC response time. Two different approaches, namely, extrapolation length and surface dynamics, are employed to study this effect. Both models fit with experimental data well. In addition, a simplified equation 0 ϳ d x was used to fit the experimental data. Under strong and weak anchoring limits, the exponent is close to x ϳ 2 and x ϳ 1, respectively. For the tested MVA cells, the anchoring energy is finite and the exponent is found to be x ϳ 1.7. By optimizing the LC and polyimide interactions, it is possible to optimize the LC response time.
